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Abstract
We find that the mixture of Ramond-Ramond fields and Neveu-Schwarz two form are trans-
formed as Majorana spinors under the T-duality group O(d, d). The Ramond-Ramond field
transformation under the group O(d, d) is realized in a simple form by using the spinor rep-
resentation. The Ramond-Ramond field transformation rule obtained by Bergshoeff et al.
is shown as a specific simple example. We also give some explicit examples of the spinor
representation.
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1 Introduction
The transformation of the fields from the Neveu-Schwarz (NS) sector under T-duality is well
established. The Ramond-Ramond (RR) field transformation was first given in [1]. The
authors in [1] got the RR field transformation by identifying the same RR fields and RR moduli
in d = 9 supergravity coming from both ten dimensional type IIA and type IIB supergravity
theories compactified down to nine dimensions. Unfortunately this method gives only a specific
T-duality transformation, namely Buscher’s T-duality transformation [2]. It is hard to get
the generalized T-duality group O(d, d) transformations by this method. Recently, Hassan
derived the RR field transformation under SO(d, d) group by working on the worldsheet
theory [3]. The RR field transformation under Buscher’s T-duality was also discussed by
Cveticˇ, Lu¨, Pope and Stelle using the Green-Schwarz formalism [4]. If we compactify the
d = 9 supergravity further down to lower dimensions, we know that the lower dimensional
solution has O(d, d, R) transformation and how the NS-NS fields which are assumed to be
independent of d coordinates transform under this group [5]. Therefore, we need to find the
RR field transformation under the general O(d, d, R) group.
The RR fields transform as the Majorana-Weyl spinors of SO(d, d) [6]. RR fields trans-
forming as the spinors of O(d, d) group is discussed in more detail from the algebraic decom-
position of U duality group in [7] 2. The spinor representation idea was further developed by
Fukuma, Oota and Tamaka [8]. It is not the RR potentials that transform as the Majorana-
Weyl spinor of SO(d, d); it is the mixed fields of RR potentials and NS-NS two form that
transform as the Majorana-Weyl spinor of SO(d, d). However, since the full T-duality group
is O(d, d), we expect to use the Majorana spinor representation of O(d, d). Note also that
SO(d, d) transformations cannot interchange type IIA and type IIB theories. In this paper,
we use RR fields to construct spinors of O(d, d) explicitly. As a simple application we use
the Majorana spinor representation to show the RR field transformations between type IIA
and type IIB under T-duality. By using the Majorana spinor and the tensor representation
of O(d, d, R) group, we can get more general solution generating rules.
We define the RR potentials Cp+1 = (1/(p + 1)!)Cµ1...µp+1 dx
µ1 ∧ · · · ∧ dxµp+1 . Following
the definition given by [8], we define the new mixed fields as
D0 ≡ C0, D1 ≡ C1,
D2 ≡ C2 +B2 ∧ C0, D3 ≡ C3 +B2 ∧ C1,
D4 ≡ C4 + 12B2 ∧ C2 + 12B2 ∧B2 ∧ C0.
(1)
The RR field strengths are F = e−B ∧ dD[8] [9], here
D ≡
4∑
p=0
Dp, F ≡
5∑
p=1
Fp. (2)
More explicitly, we have
F1 = dD0, F2 = dD1,
F3 = dD2 − B2 ∧ dD0, F4 = dD3 − B2 ∧ dD1,
F5 = dD4 − B2 ∧ dD2 + 12B2 ∧ B2 ∧ dD0.
(3)
2The author thanks S. Ferrara for pointing out this reference.
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We also use the convention∫
ddx
√−g|Fp|2 =
∫
ddx
√−g
p!
gµ1ν1 · · · gµpνpFµ1µpFν1νp. (4)
2 d = 10 Type IIA and Type IIB Reduction to d = 9
The action of ten dimensional type IIA supergravity can be written as
SIIA10 =
1
2κ210
∫
d10x
√−Ge−2Φ
[
R(G) + 4GMN∂MΦ∂NΦ− 1
2
|H3|2
]
− 1
4κ210
∫
d10x
√−G
(
|F2|2 + |F4|2
)
+
1
4κ210
∫
d10xB2 ∧ dC3 ∧ dC3,
(5)
where H3 = dB2, F2 = dC1 = dD1, F4 = dC3 +H3 ∧ C1 = dD3 − B2 ∧ dD1 and the subscript
number of a form denotes the degree of the form. Now we dimensionally reduce the action
(5) to nine dimensions by the vielbein,
EAM =
(
eaµ eA
(1)
µ
0 e
)
, EMA =
(
eµa −eνaA(1)ν
0 e−1
)
. (6)
The dimensionally reduced nine dimensional action for the NS and R sector is
S9 =
1
2κ29
∫
d9x
√−ge−2φ
[
R(g) + 4gµν∂µφ∂νφ− e−2gµν∂µe∂νe
− 1
2
e2|F (1)2 |2 −
1
2
e−2|F (2)2 |2 −
1
2
|H(1)3 |2
]
− 1
4κ29
∫
d9x
√−g
(
e|F2|2 + e−1gµν∂µDx∂νDx + e−1|H(2)3 |2 + e|F4|2
)
,
(7)
where
e2 = Gxx, gµν = Gµν −GxxA(1)µ A(1)ν , (8a)
A(1)µ =
Gµx
Gxx
, A(2)µ = Bµx (8b)
Aµ = Dµ − A(1)µ Dx, F iµν = ∂µA(i)ν − ∂νA(i)µ , (8c)
B(1)µν = Bµν +
1
2
A(1)µ A
(2)
ν −
1
2
A(1)ν A
(2)
µ , B
(2)
µν = Dµνx, (8d)
φ = Φ− ln Gxx/4, Dµνρ = Dµνρ, (8e)
H
(1)
3 = dB
(1)
2 −
1
2
(A
(1)
1 ∧ F (2)2 + A(2)1 ∧ F (1)2 ), (8f)
H
(2)
3 = dB
(2)
2 −B(1)2 ∧ dDx +
1
2
A
(2)
1 ∧A(1)1 ∧ dDx − A(2)1 ∧ (F2 + F (1)2 Dx), (8g)
F4 = dD3 − B(1)2 ∧ dD1 +
1
2
A
(1)
1 ∧A(2)1 ∧ dD1 +H(2)3 ∧ A(1)1 , (8h)
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and x is the compactified coordinate. Here we follow the general prescription of dimensional
reduction given in [10]. For example, the lower dimensional field strength comes from the
higher dimensional field strength as H
(1)
µνρ = eaµe
b
νe
c
ρE
M
a E
N
b E
P
c HMNP . The action (7) can be
obtained from the type IIB supergravity in ten dimensions also if we use the following vielbein
for the IIB theory [1]
E
A
M =
(
eaµ e
−1A
(2)
µ
0 e−1
)
, EMA =
(
eµa −eνaA(2)ν
0 e
)
, (9)
together with the following definitions,
e−2 = Gxx, gµν = Gµν − GxxA(2)µ A(2)ν , (10a)
A(1)µ = Bµx, A
(2)
µ =
Gµx
Gxx
, D = Dx, (10b)
Aµ = Dµx −BµxD = Dµx − A(1)µ D, (10c)
B(1)µν = Bµν −
1
2
A(1)µ A
(2)
ν +
1
2
A(1)ν A
(2)
µ , B
(2)
µν = Dµν , (10d)
φ = Φˆ− ln Gxx/4, Dµνρ = Dµνρx. (10e)
The type IIB ten dimensional supergravity action we use is
SIIB10 =
1
2κ210
∫
d10x
√
−Ge−2Φˆ
[
R(G) + 4GMN∂M Φˆ∂N Φˆ− 1
2
|H3|2
]
− 1
4κ210
∫
d10x
√
−G
(
|F1|2 + |F3|2 + 1
2
|F5|2
)
+
1
4κ210
∫
d10xB2 ∧ dC4 ∧ dC2,
(11)
together with the self dual constraint on F5. Now we can get Buscher’s T-duality transforma-
tions [2] from Eqs. (8a)-(8e) and Eqs. (10a)-(10e) as follows
g˜xx =
1
gxx
, g˜µx =
Bµx
gxx
, g˜µν = gµν − gµxgνx − BµxBνx
gxx
, (12a)
B˜µx =
gµx
gxx
, B˜µν = Bµν − Bµxgνx − Bνxgµx
gxx
, (12b)
φ˜ = φ− 1
2
ln gxx, (12c)
D˜x = D, D˜µ = Dµx, D˜µνx = Dµν , D˜µνρ = Dµνρx. (12d)
From the above transformation rules (12a)- (12d), we have the following transformations in
terms of the original RR potentials,
C˜x = C, C˜µ = Cµx +BµxC, C˜µνx = Cµν +
gµxCνx − gνxCµx
gxx
, (13a)
C˜µνρ = Cµνρx − 3
2
B[µνCρ]x − 3
2
Bx[µCνρ] −
6gx[µBν|x|Cρ]x
gxx
. (13b)
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In general we should consider the O(d, d, R) transformations. The group element Ω ofO(d, d, R)
satisfies
ΩTJΩ = J, J =
(
0 1 d
1 d 0
)
. (14)
If we put the NS sector fields in a 2d by 2d matrix
M =
(
G−1 −G−1B
BG−1 G− BG−1B
)
=
(
1 0
B 1
)(
G−1 0
0 G
)(
1 −B
0 1
)
, (15)
where G = [Gij ] and B = [Bij ] are d × d matrices, i and j run over the compactified or
independent d coordinates. Let
A(1)µm = Gµm, A
(1)m
µ = G
mnA(1)µn , (16)
A(2)µm = Bµm +BmnA
(1)n
µ , Aiµ =
(
A
(1)m
µ
A
(2)
µm
)
, (17)
gµν = Gµν −GmnA(1)mµ A(1)nν , (18)
φ = Φ− 1
4
ln det(Gmn), (19)
Bµν = Bˆµν +
1
2
A(1)mµ A
(2)
νm −
1
2
A(1)mν A
(2)
µm −A(1)mµ BmnA(1)nν , (20)
where Φ, Gµm, Gµν , Gmn, Bˆµν , Bµm and Bmn are the original NS fields. The O(d, d) transfor-
mations for the NS fields are
M → ΩMΩT , Aiµ → ΩijAjµ, gµν → gµν , φ→ φ, Bµν → Bµν . (21)
3 Spinor Representation
In this section, we will show that the RR fields transform as the Majorana spinors. We can
write the general group element Ω of O(d, d, R) as
Ω =
(
A B
C D
)
, (22)
with ABT + BAT = CDT + DCT = 0, ADT + BCT = CBT + DAT = 1, A, B, C and D are
d × d matrices. We can also show that D = CA−1B + (A−1)T . The O(d, d, R) group can be
generated by the following three matrices [11]
ΛC =
(
1 0
C 1
)
, ΛR =
(
(RT )−1 0
0 R
)
, Λi =
(−1 + ei ei
ei −1 + ei
)
, (ei)jk = δijδjk,
(23)
where CT = −C, R ∈ GL(d, R) and i, j, and k = 1 , . . . , d. The action of ΛC shifts the NS
two-form by the matrix C. Under the action of ΛR, G→ RGRT , B → RBRT . For the group
O(d, d, Z), we need to restrict the matrix elements to be integers.
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The Dirac matrices satisfy {Γr, Γs} = 2Jrs with r and s = 1, . . . , 2d. Let
ai =
Γd+i√
2
, a†i =
Γi√
2
, i = 1, . . . , d. (24)
Then we have {ai, a†j} = δij1 , {ai, aj} = {a†i , a†j} = 0. Define the vacuum to be ai|0〉 = 0, we
can get the representation (Fock) space as
|α〉 = (a†1)i1 · · · (a†d)id|0〉, i1, . . . , id = 0 or 1. (25)
The spinor representation of the O(d, d) group is given by
S(Ω)ΓsS(Ω)
−1 =
∑
r
ΓrΩ
r
s. (26)
For convenience we can define the operator corresponding to a matrix Ω as
ΩΓs =
∑
r
ΓrΩ
r
sΩ, Ω|β〉 =
∑
α
|α〉Sαβ(Ω). (27)
The operators for the three generating matrices are [6][8]
ΛC = exp
(
1
2
Cijaiaj
)
, Λi = ±(ai + a†i ), (28)
ΛR = (detR)
−1/2 exp
(
aiAi
ja†j
)
, R = Ri
j = exp(Ai
j), (29)
where the repeated indices are summed. We choose + sign for the Λi operator. The new
mixed D fields form a spinor as follows: for d = 1,
χα = (D, Dx), χµα = (Dµ, Dµx),
χµνα = (Dµν , Dµνx), χµνρα = (Dµνρ, Dµνρx),
· · · ,
with |α〉 = (|0〉, a†|0〉); for d = 2,
χα = (D, Dx, Dy, Dyx),
χµα = (Dµ, Dµx, Dµy, Dµyx),
χµνα = (Dµν , Dµνx, Dµνy, Dµνyx),
· · · ,
with |α〉 = (|0〉, a†x|0〉, a†y|0〉, a†xa†y|0〉) and so on. The fields χ transform as
|χ˜µ1...µpα〉 =
∑
β
S−1(ΩT )αβ|χ˜µ1...µpβ〉. (30)
For instance, the spinor representation matrix of O(1, 1) for Λi is
S
(
(ΛT )−1
)
= S(Λ) = Λ =
(
0 1
1 0
)
. (31)
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From the spinor matrix (31), it is easy to get Buscher’s T-duality transformations (12a)-(12d),
(13a) and (13b) by combining Eqs. (21) and (30). The spinor representation of SO(1, 1) for
ΛiΛj is
S(Λ2) = Λ2 =
(
1 0
0 1
)
. (32)
This is a trivial identity transformation. Furthermore it gives a Majorana-Weyl spinor repre-
sentation.
4 More Examples
In order to discuss the solution generating transformations, we focus on O(d) ⊗ O(d) group
in this section. We embed the O(d) matrices R and S into O(d, d) matrix Ω. Because the
metric J of O(d, d) is rotated from the diagonal metric η by
J = RηR, η =
(−1 0
0 1
)
, R =
√
2
2
(−1 1
1 1
)
,
so
Ω = R−1
(
S 0
0 R
)
R =
1
2
(
R + S R− S
R− S R + S
)
.
Note that Ω is also an element of O(2d), so (ΩT )−1 = Ω.
For example, if we take R = −1 +2ei, S = −1 , then we recover the T-duality Λi discussed
before. If we choose [3]
S = 1 , R =
(
cos θ sin θ
− sin θ cos θ
)
,
then we have the spinor representation
S(Ω) =


cos θ
2
0 0 − sin θ
2
0 cos θ
2
sin θ
2
0
0 − sin θ
2
cos θ
2
0
sin θ
2
0 0 cos θ
2

 . (33)
For flat background with zero B field, RR fields transform the same way as the D fields. This
result is consistent with that obtained in [3].
If one of the coordinate is timelike, we have
Ω =
1
2
(
η(S +R)η η(R− S)
(R− S)η S +R
)
, R =
1√
2
(−η 1
η 1
)
, (34)
here η is the Minkowski metric, S and R are O(d − 1, 1) matrices satisfying SηST = η and
RηRT = η. For example,
R = S =
(
coshα sinhα
sinhα coshα
)
7
generate the boost transformation along t-x coordinates,
S−1(ΩTb ) =


1 0 0 0
0 coshα sinhα 0
0 sinhα coshα 0
0 0 0 1

 . (35)
More explicitly, the boost transformation for the RR field and B field is
B˜µt = Bµt coshα +Bµx sinhα, B˜µx = Bµt sinhα +Bµx coshα, (36a)
C˜µ...νt = Cµ...νt coshα+ Cµ...νx sinhα, C˜µ...νx = Cµ...νt sinhα+ Cµ...νx coshα, (36b)
B˜tx = Btx, C˜µ...νtx = Cµ...νtx, B˜µν = Bµν , C˜µ...ν = Cµ...ν . (36c)
Finally let us choose[5]
S =
(
coshα − sinhα
− sinhα coshα
)
, R =
(
coshα sinhα
sinhα coshα
)
. (37)
In this case, we have
S−1(ΩTs ) =


coshα 0 0 sinhα
0 1 0 0
0 0 1 0
sinhα 0 0 coshα

 . (38)
For the background Bµν = 0, g11 = 1 and g01 = 0, the transformations of NS-NS and RR
fields are
g˜00 =
g00
1 + (1 + g00) sinh
2 α
, (39a)
g˜11 =
1
1 + (1 + g00) sinh
2 α
, (39b)
B˜01 =
(1 + g00) sinh 2α
2[1 + (1 + g00) sinh
2 α]
, (39c)
g˜µ0 =
gµ0 coshα
1 + (1 + g00) sinh
2 α
, (39d)
g˜µ1 =
gµ1 coshα
1 + (1 + g00) sinh
2 α
, (39e)
B˜µ0 =
−g00gµ1 sinhα
1 + (1 + g00) sinh
2 α
, (39f)
B˜µ1 =
gµ0 sinhα
1 + (1 + g00) sinh
2 α
, (39g)
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g˜µν = gµν − (gµ0gν0 + g00gµ1gν1) sinh
2 α
1 + (1 + g00) sinh
2 α
, (39h)
B˜µν =
(gµ0gν1 − gµ1gν0) sinhα coshα
1 + (1 + g00) sinh
2 α
, (39i)
C˜ = C coshα− C01 sinhα, (39j)
C˜0 = C0, C˜1 = C1, C˜µ = Cµ coshα− Cµ01 sinhα, (39k)
C˜01 =
C01[1 + 2(1 + g00) sinh
2 α] coshα
1 + (1 + g00) sinh
2 α
− C[1 + (1 + g00)(sinh
2 α + cosh2 α)] sinhα
1 + (1 + g00) sinh
2 α
,
(39l)
C˜µ0 = Cµ0 +
g00gµ1 sinhα(C coshα− C01 sinhα)
1 + (1 + g00) sinh
2 α
, (39m)
C˜µ1 = Cµ1 − Cgµ0 sinhα coshα
1 + (1 + g00) sinh
2 α
+
C01gµ0 sinh
2 α
1 + (1 + g00) sinh
2 α
, (39n)
C˜µν =Cµν coshα− Cµν01 sinhα
+
(C01 sinhα− C coshα)(gµ0gν1 − gµ1gν0) sinh 2α
2[1 + (1 + g00) sinh
2 α]
,
(39o)
e−2φ˜ = e−2φ[1 + (1 + g00) sinh
2 α]. (39p)
5 Discussion
The RR field transformations are very simple in terms of the new mixed fields D. It is very
easy to see the RR field transformations from the spinor representations. For any group
element Ω ∈ O(d, d), we can get the spinor representation S(Ω) from Eq (26) or Eq. (27). We
can introduce higher degree potentials and field strengths with some constraints as shown in
[8]. With the extra potentials, the action for the RR and Chern-Simons terms can be written
in a simple way. This may suggest that the D fields are the natural RR potentials. We can
apply the transformation Eqs. (21) for the NS-NS fields and the transformation Eqs. (30) for
the RR fields to get more general solution generating rules.
Note Added: In the second version of paper [3], Hassan gave a general transformation of D
field by spinor representation and discussed the equivalence of the RR field transformations
between his supersymmetry method and the spinor representation.
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